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Intr i
Signal

A signal is any physical quantity that carries information, and that varies with time, space, OT any

otherindependentvariableorvariables.
MathemalicalIy.asignalisdeﬁnedasafunctionofoneormoreindependentvariables.

I ~Dimensionalsignalsmostlyhavetimeasthe

independentvariable.Forexample.Eg..Si ()=20t"

2 —~Dimensionalsignals havetwoindependentvariables. Forexamp]e,imageisa2—Dsignalwhose

mdependemvariablesarethemOSpalialcoordinates(x,y)Eg-,
S5 (1)=3x+2xy+10y°

Videoisa3 ——dimensionalsignalwhoseindependenrvariablesarelhetwospatialcoordinates, (x.y)andtime
(1).
Similarly, a3 —DpicmreisalsoaS—Dsigna!whoseindependentvariablesarelhethreespalialcoordinates(x,y,z).

SignalsS,(t)andSa( t)belongloaclassthatarepreciselydeﬁnedbyspecifyingihefunctionaldependenceomhe
independentvariables.

Naturalsignalslikespeechsignal ECG,
EEG,images,videos.etc.belongiolhecIasswhichcannotbedescribedfunctionalIybymathematicalexpressions.

Asystemisaphysicaldevicethalperformsanoperationonasignal.For
example,naturalsignalsaregeneratedbyasystemlhatresponds toastimulus orforce.
Foreg..speechsignalsare generated byforcingairthroughthe vocalcords.Here,thevocalcordand the
vocaltractconstitutethe system(alsocalledthe vocalcavity).The airisthe stimulus.
Thestimulusalong withthesystemiscalled asignalsource.

Anelectronicfilterisalsoasystem. Here,thesystemperformsanoperationonthesignal, whichhas
theeffectofreducingthe noise andinterferencefromthe desiredinformation—bearingsignal.

Whenthesi gna]ispassedlhroughasyslem.thesi gnalissaidtohavebeenprocessed.

Theoperationperformedonthesi gnalbwhesystemiscaliedSignalProcessing.Thesyslemischaracterizedby the type

of operation that it performs on the signal. For example, if the operation is linear, the system
iscalledlinearsystem.andsoon.
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DigilaléignaiPmcessine ofsignalsmay consistofanumberofmathematicaloperationsasspecified

by asoﬁ\\;irelarogram.inﬂx hicl;case.lheprogramrepresemsan implememat-iqnoﬁhe systemin spﬁ»yare_. S
Altemnatively, d;gilal processing of signals may also be performed by dlglEa] hardware (logic circuits). So,
adigitalsy stemcanbeimplemented asacombinationofdigiiaIhardwareandsohware.eachofwh|ch

performsitsownsetofspecifiedoperations.

i . foxe s

Most of the signals efncoumered in real world are analog in nature .i.e.. the signal value and the
independentvariabletakeonvalues inacontinuousrange.Suchsignals .
maybeprocesseddirectlybyappropriateanalogsystems, in which case, the processing is called analog signal
Processing. Here, both the input and outputsignalsareinanalogform.

Theseanalogsignalscanalsobeprocesseddigitall)‘.in\\-hichcase_.thereisaneedf'oraninterfacebetweentheanalog
signal and the Digital Signal Processor. This interface is called the Analog — to — Digital
Converter(ADC).whoseoutputisa digitalsignalthatisappropriate asaninputtothe digitalprocessor. _
Inapplicationssuchasspeechcommunications,that requirethedigitaloulputoﬁhedigitalsignalprocessqu'obe given
to the user in analog form. another interface from digital domain to analog domain is required. Thisinterfacels
calledtheDigital-to-AnalogConverter(DAC).

Inapplications likeradar signalprocessing.theinformationextractedfromtheradar signal, o
suchasthepositionoftheaircraftanditsspeed arerequiredindigitalforrnat.So,thereisnoneedforaDAC inthiscase.

i a ) e )
Analog - to - DigitalSi Digital - to -
analoginput » DigitalConv » gnalProc » AnalogCon » Analog
signal erter(ADC) essor(DS verter(DAC outputsig
| P) ) nal
\ J \ J \ J
v igitalSi ing ove

1. Adigitalprogrammablesystemallowsﬂexibilityinreconﬁguringthedigitalsignalprocessingoperat
ionssimplybychangingtheprogram.
Reconfigurationofananalog
systemusuallyimpliesaredesi gnofthehardwarefollowedbytestingandverification.

2. Tolerances in analog circuit components and power supply make it extremely difficult to control
theaccuracyofanalogsignalprocessor.

A digital signal processor provides better control of accuracy requirements in terms of word
length.floating—pointversusfixed—pointarithmetic,andsimilarfactors.

3. Digital signals are easily stored on magnetic tapes and disks without deterioration or loss of
signalfidelity beyond that introduced in A/D conversion. So the signals become transportable and
can beprocessedoffline.

4. Digitalsignalprocessingischeaperthanitsanalogcounterpart.

n

Digitalcircuitsareamenableforfullintegration. This isnotpossibleforanalogcircuitsbecause
inductancesofrespectablevalue(uHormH) requirelargespacetogenerateflux.
6. Thesamedigitalsignalprocessorcanbeusedtoperformtwooperationsbytimemultiplexing,

sincedioiitalsiEnalsaredeﬁnedonlzalﬁnite numberoftimeinstants.
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9 |)-ll-l-L.I,cmpm.l“,[‘digim]hignnlprncuHH()l'uilllWl)I'l((llL“l'lbl'clllbiili'l'm“I'I}_.‘,I'lllch.
8 s Wl.““”-w“m“li)c,-r”,-,nprcuisclmllhcnmlwulupcrulmnmnsugnuls ‘ Aware
imumh{gnwmhmlhcscupuruliunscunhu routinelyimplementedona LI|g1lulcnmpulcruhmghf: wire.
' 3 . I . K .o . b G ') e
9. SuvcmlIillcl'slluulhuvcrulimurdslnulmlngslwliﬂPI‘I'CUHHIllg-WhClL‘ilﬁ“ldlB'lﬂ|h|l-,’~““|l”r”"“’-“'"B"“'“m
DSPprocessoris usedformanyfilters.

I Digitalsignalprocessorshaveinereasedcomplexity, ) o
i Sié]mlshﬁvinL,L:xlrcmclywiduhumlwidlhsrcquirc fast-sampling rate ADCs, Hencethefrequencyrange
ofoperationo DS PsislimitedbythespeedolADC.
inunulngsignuIpmccssnr,mssivcclcmcnlsu|'cuscd,whiclldissipmcvcryIcssfp(.)wcr.
Indigitalsignalprocessor,activeelementsliketransistorsareused, whichdissipatemorepower.

oy . , . ; ’ N o »a-_-' 3,
Iheabovearesomeoltheadvantagesanddisadvantagesofdigitalsignalprocessing over analog signalprocessing
e 1 n_ti gt .

Adiscretetimesignal isafunctionofanindependentvariablethatisan

integer,andisrepresentedbyx|nj,wherenrepresentsthe samplenumber(andnotthetime atwhichthe sample
occurs).

Adiscretetimesignalisnotdefined atinstantsbetweentwosuccessivesamples,orinother words, fornon-—
integer valuesofn.(But,itisnotzero,ifn isnotan integer).

. .
o 4 0 W .

Thedifferentrepresentationsofadiscretetimesignalare

1. G i

GraphicalRepresantation
o ¢ N

DTsignabn]

=3 L L L L 1 S— L
-4 -3 -2 -1 (o] 1 2 3
samplenumbern

al

1,forn=1,23
x[n]=({ 4,forn=2

0,elsewhere
3. Tabularrepresentation
N - e e - -2 -1 0 1 2 3 4 § asems -
x[n] T 0 0O 1 1 4 1 0 0 e -
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thenboveisarepresentutionofatwo hidudiniinilcduruliUnﬁcqucncc,andlhcsymbnl‘l‘ind:calesthcumcor[gm(n*OJ—

Hihesequencerszerotor
e O.itcanberepresentedasxn] | 4,0,2,% =5 ==
ymbol?isoptionalinthiscasc.

I Iurcl|u-lcl'tnms.lpnintimhcacqucncci.s:shsumcdmhclhctimcorigi”ﬁ‘”df’mhcs

Alinitedurat i«mhcq1tcnccumhcrcprcwnlcdasxl n|
13,-1,-2,5,04, -1}

1.

This isreferredtoasa7  pointsequence.

l IwscarclI1cImsic.s.uquuncuslhatappcarni'lcn,andplayanimporlantrolc./\nyarbilrarysequeﬂceca"berepr esentedinte

rms oftheseelementarysequences.

1. Unit -Samplescquenceltisdenotedbydl n).Itisdefinedas

_1,forn=0
8in1=Cg rornz0

lisalsoreferredasdiscretetime impulse.
Iis mulhcmalica[lymuchlcsscumplicaledlhantheconlinuousimpulseﬁ (1), whichiszeroeverywhere

exceptatt=0, Att=0.itisdefinedintermsofits area(unitarea), butnolbyitsabsolulevalue.ltis

graphicallyrepresentedas

dln)

Ii
e —— +—o—> /1

DR |

ltisdenotedbyu[n]anddefinedas 1,forn=0

u[n]z{o,forn<0

—_——/__—'—_-—__—————___-___—____—____—_____
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as

Ilisgraphicallyrcpresenlcd
uln|
(L]
— *—o— [ g e n
3. Unitrampsequence . . . .,
: i §
It isdenoted byU[n],andisdefined a ) P
wn) ={g forn<o
IlisgraphicalIyrepresenledas
¢
8”,_,ﬂ_ﬂ“
NE I
R ,'I )n

4. Exponentialsequence

Itisdefinedas
x[n]=arforalln

a. Ifaisreal x[n]isarealexponential.
a>1
x[n]

oss oy rt1T] TTIIXI .An

a<l

I[IIII‘TTTTTT?f LTI

‘J”fﬁ
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-1<a<(

a< -1

cer y g 01 1]

SRR IE

b. Ifaiscomplex valued,thenacanbeexpressed asa=re’“,solhalx[n] can berepresentedas

x[n] =prnegjnd
=r7[cosnf+,sinnf]
isrepresented graphicallybyplottingtherealpart andimaginarypartsseparatelyasfunctionsofn,whichare
xg|n]=rncosn@
xi[n]=rnsinnd
Ifr <1 .theabovetwofunclionsaredampedcosineandsinefunctions,whoseamplitudeisadecayingexponentia!.

~
s

So.x|n]

|]’l”“11’-.__‘-‘lll_u_'--: B

e —————————————————————————————————————
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[fr=1,thenboththe functionshavefixedamplitudeofunity.

m'l“' 1l lHl‘ -

Ifr>1 thentheyarecosineand sinefunctionsrespectively,withexponentiallygrowingamplitudes.

‘-_""“",—“ 1 cea
FiTTITt,, N l“ n

Alternatively,x[n) canberepresenledby1heamp|itudeandphasef'unctlong:‘
Amplitudefunction,A[n] =|x[n]|=r"

Phasefunction,@[n] =£x[n] =n8

Forexample.forr<1,theamplitudefunctionwouldbe

Andthephasefunctionwouldbe
st

Althoughthephasefunction@[n] =n#@isalinear functionofn,itisdefined onlyover anintervalof 2n(sinceitis

anangle).i.e..overaninterval-n<6<m or0<0<2m.

e ———————————— e ——————
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Sowesubtractmultiplesof2afiom®@| n|beforeplotting.i.c., weplot@[n]modulo2ninsteadof@[n]. Thisresultsina

precewiselineargraphforthe plmsul'um:tinn.inslcudnlhlincm‘gruph.

Theenergyolasignalx[nisdefinedas
(V4]
F=Xlx[n]|?
| ) o M= =)
fthisenergyisfinite,i.c..0 <E<w,thenx[n]iscalledanEnergySignal.
I-nrslgnulshzwinginI':nilccncrgy.lhcuvcmgcpnwerczmbccalculﬂted,whichisdeﬁnedas
N
P =lim 1 Ylx[n]|?

av- Noo2N +1
-] n=-—
Or;Prw:“ITl_._.______,EN, where
N-a2N +1

Ein= signalenergyofx[n]overthefiniteinterval —N <n< N,.e.,

E=limEy
Ny

. l‘orsignaiswilhﬁnilcencrgy.i.e..forlinergySignaIs,H
isfinite,thusresu Itinginzeroaveragepower.So,forenergysignals, Py, =0.
Signalswithinfiniteencrgymayhavefiniteorinfi niteaveragepower.Iftheaveragepowerisfiniteandnonzero,su

®
chsignals are calledPowerSignals.
Signalswithfinitepowerhaveinfinite energy.

. lIbothcncrgy,liaswc!lasaveragcpower,Puvofusignalareinﬁnite,lhenlhesignalisneitheranenergysigna
Inorapowersignal.

. PcriodicsignalshavcinﬁniLecncrgy.'l‘hciraveragepowerisequaltoitsaveragepoweroveroneperiod.

* Asignalcannot bothbeanenergysignalandapowersignal.

® Allpracticalsignalsareenergysignals.

2, Periodicand jsgdicsfonl
Asignalx[n]isperiodicwithperiodNifandonly if

x[n +N]=x[n]¥n

ThesmallestNforwhichtheaboverelationholdsiscalledthefundamentalperiod.
If no finite value of N satisfies the above relation, the signal is said to be aperiodic or non —
...s NM, is always

periodic. The sum of M periodic Discrete — time sequences with periods Ny, Na,

periodic withperiodNwhere
N =LCM(N1,N,...,Nu)
Areal-valueddiscrete—-timesignaliscalledanEvenSignalif itisidenticalwithitsreflectionaboutthe

origin.i.e.,itmustbesymmetricalabouttheverticalaxis.
x[n] =x[-n]¥n

e e e e e ey
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Areal-valued discrete ‘l”“"33'8"211iSCaIIedanOddSignaIifitisantisymmetricalabouttheverticalaxis.
x[n]=—x[-n]vn

Fromlheabovel‘t‘lalion.ilcallbeinfcrl‘EdlhalanoddSignalmustbezeroattimcorigin n=0.Everysignalx|

njcanbe expressedasthe sumoﬁtsevenandoddcomponents.
x[n] ——'xe[n] +x, [n]

Where
x[n] +
Xo[n] xnl—x{~n]

2

® Productofevenandodd Sequencesresultsinanoddsequence.

Productoftwo oddsequencesresultsinanevensequence.
Productoﬂwoevensequencesresultsinanevensequence.

Acomplexdiscrete—timesignalis conjugate— symmetricif

. x[n]= x*[-n]vn
Andcon Jugate-antisymmetric if

x[n]:—l"[-ﬂ]vn
Anycomplexsignaicanbeexpressedasthesumofconju gate-symmetric andconjugate—
antisymmetricparts

Where x[n] =xcs[n]+xca[n]

x[n] +x*[-n]
xcs[n] = oemee ey

And %
x[n] =x*[-n]
2

Adiscrete —timesequencex|[n]issaidtobebounded ifeachofitssamplesisoffinitemagnitude.i.e.,
[x[n]] <Mxi<owo¥n
Forexample,

Theunitstepsequenceu|[n]isaboundedsequence,butt
hesequencenu[n]isanunboundedsequence.

ADSgQ |

Adiscrle—timesequencex[n]issaidtobeabsolutelysummableiﬁ

5 x[n] | <oo

n=-w

DIGITALSIGNALPROCESSING
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aresumma bleif
s

>lx[n]l?<e

n=—"u

Anditissaidtobesqut
(EnergySignal)

facement,etc.and

svoltage.disp :
beviewe

thisinput. Asystemcan
Isinto output signals.

Asy : an inputsucha
systemacceptsan 1np d asaproccssthal

producesanoulpul.inresponSCIO
resultsintransforminginputsigna

; : - Discrete- :
Discrete- _ . - DISC’]r"?rt:feSysti] TimeOutputsign
TimelnputSigna o al,y[n]

1.x[n]

Adiscrete-time systemcanbe representedas
x[n]=y(n]
or,  yln=T{x[n]}

Di TimeS P ”
1. Linearity -
Asystemissaidto belinear iﬁtsatisﬁessuperpositionprin(:iple,which intumisacombmauonof
additivity and
homogeneity. Additivityimp
liesthat
If the response of the DT system to xi[n] is y1[n], and the response to x2[n] is y2[n];
thenthe response ofthe systemlo{x|[n]+x2[n]}mustbe {yi[n]+y2[n]}-

Homogeneityimpliesthat
iftheresponseofaDTsystemtox[n] isy[n],lhentheresponseoﬁhesystemtoax[n]

mustbeay[n],where ais

aconstant.
Thus,foraDTsystem,If
x[n]-y[n]
x1[n]-y1[n]
and, xz[n]— y2[nl

Thenaccordingtoadditivityprinciple
x1[n] +x2[n] —=y1[n]+y2[n]

Andaccordin g10homogeneilyprinciple
ax[n]—ay[n](a=constant)

o lfa=0.themheaboverelationimpliesthatazeroinputmustresultinazerooutput.

Combining the above two principle to get superposition principle, we

oblainAsyslemisLineariﬁtsatisﬁesthefollowingrelation

axi[n] +bxz[n]—ayi[n] +by2[n] (a.b=constants)

B e e e
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2,

VariantandTime-Inv
Asystemistime—invariantiﬁischaraclerislEcsandbehaviorareﬁxedovenime.i.e., atime—
shiftininputsignalcauses anidenticaltime-shiftinoutputsignal.
fx[n]-y[n]
then,x[n—no]- y[n—no]vno

Iftheabovetherelationisnot satisfied,thenthesystemistime— variant.

CausalandNon- causalSystems

Asystemis causalornon— anticipatoryorphysicallyrealizable,iﬂheoutput at
anytimenodependsonlyonpresentandpastinputs (n<no),butnotonfuture inputs,
In other words, if the inputs are equal uptosome timeno, the corresponding outputs must also be

equaluptothattimeno,foracausalsystem.

A§tablcsyslemisoneinwhich. aboundedinputresults inaresponsethatdoesnotdiverge. Thenthesystemis
saidtobeBIBOstable.
Forasystem, iftheinputisbounded.i.e,
if|x[n]| <M <owo¥n
Andiﬁhecorrespondingoutputisalsobounded.i.e.,
|y[n]l<M,<eovn

Thenthesystemissaidto beBIBOstable.

A system is said to possess memory, or is called a dynamic system, if its output depends on past

orfuture values oftheinput.
Iftheoutput ofthesystemdependsonlyonthepresentinput,thesystemissaid tobememoryless.

Invertiblesystems
A system is said to be invertible if by observing the output, we can determine its input. i.e., we
canconstructaninversesystemthatwhencascaded withthegivensystem,yieldsanoutput

equaltotheoriginalinput.
Asystemcanhaveinverseifdistinctinputs leadtodistinctoutputs.

iv
Asystemissaidto bepassiveiftheoutputy[n]hasatmostthesameenergyastheinput.

Ylx[n]l2<Xly[n]l?<ew

n=—x n=—m

Iftheenergyofihe outputisequaltothe energyoftheinput,thenthe systemissaidtobelossless.

Multiplicationproperty

When a sequence x[n] is multiplied by a unit impulse located at k i.e., 8[n-k], picks out a single value/sample

ofx[n]atthelocationoftheimpulsei.e..x[k].

x[n]8[n —k]=x[k]6[n—k]
=impulse with strengthx[k]locatedatn=k

DIGITALSIGNALPROCESSING



Sifti
Theimpulsefunctiond[n-k] “sifts”throughthefunctionx[n] andpullsoutthevaluex[k]

Xx[n]8[n—k]=x[k]

n=-—w
A"}’z:'irbi1rarysequenc:ex[n] canbeexpressedasaweightedsumofshiftedimpulses.

o0

x[n]=2x[k]é[n—k]

k=—w

Lmpulseresponse

I“‘lpmserfesponse ofadiscrete ~timesystemisdefinedastheoutput/responseofthesystemtounitimpulseinputandis
representedbyh|n).

Discrele—Timeunilimpulse Discrete- i
’ g Iseresponse,h[n
8[n] TimeSyste - £ =
—_n__J

Ifforasystem,T

x[n]-y[n]

hen,
8[n]—h(n]

lﬁheDTsystemsatisﬁesthepropertyoﬁime—invariance,then,
8[n—k]—h[n—k)

Inadditiontobeingtime —invariant, ifthesystemalsosatisfies linearity(homogeneityandadditivity),then,

Homogeneity:
x[k]8[n —k]-x[k]h[n—k]

Additivity:
26[n—k]-=3h[n—k]

k=—u k=—x

Combiningtheabovetwoproperties,aLinearTime—Invariant (LTI)Systemcanbedescribedbytheinput—

outputrelationby

o o

er[k]é[n —k]-Yx[k]h[n —k]

k=—u k==m

TheLefthand sideistheinputx[n]expressed asaweighted
sumofshiftedimpulses(fromsignaldecompositionpropertyofim pulsefunction).

So.lherighthandsidemustbethcoutpuly[nJoﬁheDTsysleminresponsetoinputx[n].
DIGITALSIGNALPROCESSING



ThustheoutputofaLinear Time -1 nvariant(LTI)system canbeexpressed as
(S [ Al

y[nl=Xxlklh[n—k]
ke=—m
or,y[n]=x[n]+h|n]

TheaboverelationiscalledConvolutionSum.

) LTI Ol.llpUl,
inptx[n] - System, - y[n]=x[n]*h[n]
hinl

So, the impulse response h[n] of an LTI DT system completely char?cterizes the system .i.e., @ knowledge
ofh[nJissufficienttoobtainthe response ofanL Tlsystemtoanyarbitraryinputx[n].

x[n]*h[n]=h|[n]*x[n]

x(n] —{ hInl > x[n]*h[n] =  h[n]—s| x(n] | hin] *x[n]

x[n]+{hi[n]+ha[n]}={x[n]*h1[n]}*hz[n]

|y y[n]=x(n] —» hi[n]*hz[n] |»y[n]

X[n] —! hy[n] » ha(n]

Fromthispropertyitcanbeinferred
that,acascadecombinationofl. TIsystemscanbereplacedbyasinglesystemwhoseimpulseresponseistheconv

olutionoftheindividualimpulseresponses.

3. DistributiveProperty
x[n]*{hi[n]+ha[n]}={x[n]*hi[n]}+{x[n]*ha[n]}
hi[n]
x[n] - éé_, y[n] = x[n] —» hy[n]+h;[n] —y[n]
| ha[n]

Fromthisproperty,itcanbeinferredthat,aparallelcombinationofLLTI systemscanbereplaced byasingle
systemwhoseimpulseresponseis the sumofindividualresponses.

e ———————————————————————————————
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cmcnmryicss.lhcimpulscrcsponscmustbczcrofornonzerosampicposmons.

Foranl, Tlsystemtob

h[n]=0for n#0

h[n] =k S[nlwherek=constant

Causality

Foranl.Tlsystemtobec

ausal,itsimpulseresponse mustbezerofornegativetimeinstants.
h[n]=0 forn<0

So.foracausall. Tlsystemthe output (fromthe convolutionsumequation)canbe expressed as

o

yn]=Zhlklx[n—k]
k=0

n

or,y[n]=2x[k]h[n—k]

k=—w

Stabili
AnLTIsystemisBIBOstableifits impulseresponseisabsolulelysummable.
Xlh[k]| <o

f=—m

I ibili

AnLTI syslemwithimpuIscresponseh[n]isinvertibleifwecandcsignanother LTI systemwithimpulse

responsehi[n]suchthat

hn]*hi[n)=8[n]
B —

J

Ingeneral, anyLTI systemwilhinputx[n] andoutputy[n] canbedescribedbyanLCCDE asfollows

N M
Eaky[n—k]=2bkx[n-—k] ; ao=1
k=0 k=0
N M
or,y[n]:—Zaky[n—k]+2bzx[n—l]
k=1 1=0

f
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I

WhereNiscalledtheo rderofthedifferenceequation/system.
eoutputofanL. T systemat timen intermsofpresentand pastinputsandpastoutputs.

Th iscqualinnuxprcsscslh

Given an LCCDE, the goal is 10 determine the output y[n], n= 0 given a specific input x[n]. n = 0, and
asetofinitialconditions.

The totalsolutionofthe LCCDEisassumedtobethe sumofilwo

pans:l-lomogcneous/complcmenlarysolution,yn[n]and

Particularsolution, ye[n]
HomogeneousSolution
Thehomogcneousdiffercncccquationisobtainedbysubstilutinginputx[n]=0intheLCCDE.

N
Saxy[n—k]=0—————— Eq.1
k=0

Thesolutiontothishomogeneousequation isassumed lobeinthef'ormofanexponential.i.e.,

Substituting Eq.2inEq. 1, weobtain

N
SaAn—k=0,a0=1
k=0

Expandingthisequation

AN (AN AN-1 4@ AN =24+ +an-1A+an) =0
Thepolynomialintheparenthesis iscalledthecharacteristicpolynomialofthesystem.The

characteristicequationis givenby

AN4aiAV-14-a2AN-2+- - 4-an-1A+an=0
ItssolutionhasN rootsdenotedbyh,Az,....Ax,whichcanbe
realorcomplex.Complexvaluedrootsoccuras complexconjugatepairs.

Ifsomerootsareidentical. thenwehavemultipleorder roots.

e ——————
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Ifallroots aredistinct,thenthegeneralsolutionisgivenby

YH[IECAT +G 0+ - +CAny w

C),Ca,....Cnareweightingcoefficients.

Formultipleorderroots,i fhirepeatsmtimes,thenthesolution isgivenby

n4Cnd n+Cn2A mee oo +£ m-1y "+C An+C AngecCAM
2 1 3 1 m't 1 m+12 m+23 NN

y [n]=C2
H 11

S

Particularsoluti

The particular solution must satisfy the LCCDE for the specific input signal x[n],n >0

.Weassumeaformforyp[n]that dependsontheformoftheinputx[n]asfollows

I
f Constant,A Constant,
} KAM" KM"
AnM KonM+ Kin"'+...+Km
AmM A"(Kon™M+Kin™ "+, . +Kwm)
Acoswon

i Kicoswon+ Kasinwon
Asinwpn

Iftheparticularsolution,yp[n]
hasthesamefonnasthehomogeneoussolutionyH[n],wemultipIyyp[n]withnomzorn3sothatitisdifferentfromyH[n]

Totalsolutiony[n]=yu[n]+ye[n]

Thetotalsolutionwillcontain{C;}sfromthe
homogeneoussolution. Theyaredeterminedbysubstitutingthegiveninitialconditionsinthetotalsolution.

¢ Jomai ' nofdiscretetimesignal

Theconceptoffrequencyiscloselyrelatedtoaspecifictypeofperiodicmotioncalledharmonicoscillation,which is
described by sinusoidal functions. The CT and DT sinusoidal signals are characterized by

thefollowingproperties:
I. Acontinuoustimesinusoidx(t)=cos(2nfat)isperiodicforanyvalueofT,.
ButforDT sinusoid x[n]=cos(2nfsn)tobeperiodic withperiodN(aninteger),werequire
cos(2mfan)=cos[2nfa(n+N)]=cos(2nfm+2mnfqN)
Thisispossibleonlyif

2nfaN=2mk(k isan integer)

e e e e e e e e e e e e e = ]
DIGITALSIGNALPROCESSING



Or

i.e..thediscretefreq uencyfdmustbearationaInum

k
fo=5

ber(ratiooftwointegers).

Simi larl_\',adiscretelinueex[:)onemia!e"""ispt?l'iOdiCO“Wi fo=f d;-;rrationainumber.

. ; .
ThePeriodisthedenominatoraﬁerﬁ"iss_ip_'lpli1'|edsuchlhalm"’5 kandNarerelativelyprime.

"

(95

2 2n N

ACTsinusoidalsignalx(ty=cos(Qt)has auniquewaveformtbreveryvalueof§2,0<Q<oo.lncreasing

Qresultsina sinusoidalsignalofever——increasingfrequency.
But,for aDTsinusoidalsi gnalcos(mn).consideringTwofrequenciesseparatedbyanintegcr
multipleoQn,(_mandmilnm.111isaninteger).wehave

cos[(w_-l:an)n]=cos(wni2mnn)
Sincemandnare bothintegers

cos(wn+2mmn)=cos(wn)

So,a DTsinusoidalsequencehasunique waveformonlyforthevaluesofwoverarange of2n.Therange—7
<w<ndefinesthe fundamentalrangeoffrequencies orprincipalrange.
The highest rate of oscillation in a DT sinusoidal sequence is attained when w=n or ®= -7 . the rate
ofoscillation increases continually as o increases from 0 to m, then decreases as ® increases from 7 10
21.So low — frequency DT sine waves have o near 0 or any even multiple of =, while the high —
frequencysine waveshavewnearj:ﬂorotheroddmultiplesoﬁt.

Fr. — "

The frequency response function completely characterizes a linear time invariant system in the
frequencydomain.Since.mostsi gnalscanbeexpressedinFourierdomainasaweightedsumoﬂ‘larmonicallyrelatedexp
onentials,the response ofanL Tlsystemtothisclassofsignalscanbe easilydetermined.

Theresponseofanyrelaxed LTIsystemloanarbitraryinputsigna]x[n]isgivenbythe convolutionsum

o

y[n]=X hlk]x[n—k]

k=—x

Here,thesyslemischaraclcrizedinlhetimedomainbyils
impulseresponseh[n].todevelopafrequencydomaincharaclerizationoﬁhe system,weexcitethe systemwiththe

complexexponential

x[n]=Aeiwm,—ao<n <o

WhereAistheamplitude and wisanyarbitraryfi requencyconfined to thefrequency interval[-n,n].By
substitutingthisintheaboveconvolutionsum,weobtaintheresponseas

DIGITALSIGNALPROCESSING
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y[n]=Xh[k][Ae/on—]
k=—u

T

=A[Sh(k)ewk]efon

k=—x

Here.theterminsidethebracketsisafunclionol‘l‘requencym.llislheFourier Transformoftheimpulse
responseh[n|, andisdenotedby

P
\

| H(w)=3h(k)e-iok
k=—u

And y[n] =AH(w)elvn

Sincetheoutputdiffers

fromtheinputonlybyaconstantmultipl icativefactor,theexponentialinputsignaliscalledtheeigenfunctionofthesyste
m.andthemultiplicativefactoriscalledtheeigenvalueofthesystem.

H(w) isacomplexvaluedfunctionofthefrequencyvariablew.

e —————————————————————————————————————
DIGITALSIGNALPROCESSING




UNIT-3

CRE N B y

For analysis of continuous time LTI system Laplace transform is used. And for analysisofdiscr‘ete
time LTI system z transform is used. Z transform is mathematical tool used for conversion
oftimedomainintofrequencydomain(zdomain)andisafunctionof thecomplexvaluedvariableZ.Thez
transformofadiscretetime signalx(n)denotedbyX(z)andgivenas

o0
X(z)= Zx(n)z™" zZ-
Transform....... (I)n=-00

Z transform is an infinite power series because summation index varies from -co to 00. But it is
usefulfor values of z for which sum is finite. The values of z for which f (z) is finite and lie within the
regioncalledas-regionofconvergence (ROC).

\Y
I TheDFT canbedeterminedbyevaluatingztransform,
73 Ztransformiswidelyusedforanalysisand synthesisofdigitalfilter.
3 Ztransformisused forlinearfiltering.ztransformisalsousedforfindingLinearconvolution,cross-
correlationandauto-correlations ofsequences.
4. InztransformusercancharacterizeLTlsystem(stable/unstable,causal/anti-
causal)anditsresponse tovarious signalsbyplacements ofpoleandzeroplot.

VANT SOFROC(REGI A%

ROC isgoingtodecidewhethersystemisstableorunstable.
ROCdecidesthetypeofsequencescausaloranti-causal.
ROCalsodecidesfiniteorinfinitedurationsequences.

ZTRANSFORMPLOT

E.'J[\_).._-

ImaginaryPart
ofzlm(z)

Z-Plane ‘r
|z|>a

Re(z)Realpartofz

F 3

v

Figshowtheplot ofztransforms. Theztransformhasrealandimaginaryparts. Thusaplot
ofimaginarypartversusrealpartiscalledcomplexz-plane. Theradiusofcircleis1 calledasunitcircle.



y ’ H p -
¥ This complex z plane - e ROE, pOIER BiG SEtts
inpolar form as Z= re'®where r is radius of circle is given by |

1S ”‘(‘d 10 ‘.h[} l‘ (1 l I “ . . )

inradiansandgivenb_v!__z- o
zTransform
[ S.No Time Property
' DomainSeq
( uence ] completezplane
1 [ B(n)(Unit sample) _ = p—
[ 2 | 8(nk) Timeshtting 7 exceptz=00
[ 3 [3m+k) Timeshifting T ]
| 4 | u(n)(Unitstep) 1Z<]
5 Jun) Timereversal 1/1-z o<
6 | -u(-n-1) Timereversal Z/;Z-l - B
L 7 {nu(n)(UnilramP) Differentiation z /(l-f ) =S
| 8 [a"u(n) Scaling 1/]-(az]) -
9 |-a" u(n-T)(Left 1/1-(az”) i< al
[ J sideexponentialse
quence) _ _
[ 10 | na™u(n) Differentiation az’ /(1-az l)j |z> [a|
| 11 [-na"u(-n-T) Differentiation az'/(1-az’1) |I< Ia|
a"for0<n<N-1| 1-(az’")/1-az’] laz 1|<c0
exceptz=0
I for 0<n<N-] Linearity l-2-21 |z~ 1
oru(n)-u(n-N) Shifting
cos(wWon)u(n) 1-z 'coswo lz>1
1-2z " coswo+z
sin(won)u(n) z"'sinwo |z>1
1-22" coswo+z?
a"cos(won) u(n) Timescaling 1- (z/a) ' coswy |z]> |a
[-2(z/a) 'coswo+(z/a)
) 17 | a"sin(won) u(n) Timescaling (2/a) 'sinwy 2> Ja]
B | T-2(z/a) cos@o+(Za)
Tutorialproblems:

Q)Determineztransformoffollowingsignais.

AlsodrawROC.i)x(n)= {1,2,3,4,5}

i)x(n)={1.2,3,4,5,0,7}

Q) Determineztransformand ROCforx
Q) DetermineztransformandROCforx(
Q) Determineztransformand ROCforx
Q) Determineztransformand ROCforx

£,

(M)=(-1/3)"u(n)~(1/2)"u(-n-1 ).
n) =[ 3.(4")-4(2"Ju(n).
(n)=(1/2)"u(-n).
(n)=(1/2)"{u(n)-u(n-10)}.

QO Fimd iinearwnvuimionu:singaram

SCE

formX(m=11;2:3 F&m=1;23

www.vidyarthiplus.cony
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PROPERTIESOFZTRANSFORM(ZT)

1) Linearity ‘
Thelinearitypropert ystatesthatil

z
xl(n) —> X1(z)And
z
x2(n) ¢— X2(z)Then
Then z
alx1(n) +a2x2(n) e al X 1(z)+a2X2(z)

Transformoflinearcombinationoftwo . .
ormoresignalsisequaholhesamelinearcombinalionofztransfonnoﬁndw|dua131gnals.
2) Timeshifting

TheTimeshiftingpropertystatesthat if
z

x(n) ¢—» X(z)And

z
> X@) 7"

Then x(n-k) -«

5 o 3 -k
Thusshiﬂing1hesequencecircularlyby_k'samplesisequiva]enttomult:plymgltszlransformbyz

3) Scalingin zdomain
Thispropertystatesthatif
z
X(n) ——— X(z)And
z

Then a"x(n) -«— _» x(z/a)
Thusscalinginztransformisequivalenuomulliplyingbya”intimedomain.

4) TimereversalProperty
The Time reversaIpropen_\r'slalesthatif

z
x(n) ‘————>X(2)And
Z
Then x(-n) «— ;x(z")

Itmeansthatifihesequenceis foldeditisequiva!entloreplacingzbyz"inzdomain.

5) Differentiationinzdomain
TheDifferentiationpropertystatesthatif

ya
» X(z)And

x(n)

4;

> -z d/dz(X(z))

Then nx(n)

Iy



6) ConvolutionTheorem
TheC ircuIarpropertystalesthanf

z
xl(n) < > X1(z)And
z
X2(n) < > X2(z)Then
z
Thenx 1(n)* x2(n) < 5 X1(2)X2

Convolution of two sequences in time domain corresponds to multiplication of its Z transform

sequenceinfrequencydomain.

7) CorrelationProperty
TheCorrelationoftwo sequencesstatesthatif

z
xl(n) « > X1(z)And
z
X2(n) < > X2(z)Then
oo
then 2x1()x2(-1) & > X(z)x2(z
Yn=-c0

8) InitialvalueTheorem
Initialvaluetheoremstatesthatif

X(n) < ¥(z)And
then

x(0) = |im

X(Z)z—>c0
9) FinalvalueTheorem
Finalvaluetheoremstatesthatif
z

X(N) —— 5 X(z)And
then

limx(n) =lim(z-

1)X(z)z> 00 z21
R ATIONSHIPBETW. FOURIERTRA DRMAND RA RV

ThereisacloserelationshipbetweenZtransformandFourier transform. Ifwereplacethecomplexvariable z
bye“.thenz transformisreducedtoFouriertransform.

Ztransformofsequencex(n)isgiven by
o)

X(z)=3x(n)z " (Definitionofz-Transform)

n=-0o




Fourier transformofsequencex(niisgiven by

o)
N(W)=Ix(n)e " (DefinitionofFourier Transform)
n=-c0

Complexy ariahlezisexpressedinpolart'ormasz=re“"\\'herer=§z2andu) isL_z.Thuswecanbewrittenas
o0

X(2)= I[x(mr e

n=-:00
o0
X(@) | =" =2x(n)e"
_lmnnz_m
X(2) |, "=x(w) at|z/=unitcircle.

Thus. X(z) can be interpreted as Fourier Transform of signal sequence (x(n) r™). Here " grows with n
ifr<1 and decavs with n if r>1. X(2) converges for f= 1. hence Fourier transform may be viewed as
Ztransform of the sequence evaluated on unit circle. Thus The relationship between DFT and Z
transformisgivenby

X(2)e-d" " =x(K)

Thefrequencyw=0isalon gthepositiveRe(z)axisandthefrequency
ﬂ:‘lisa]ongthepositi\'elm(z)axis.Frequencyﬂisalong thenegativeRe(z)axisand3T1/2 isalong
thenegativelm(z)axis.

lm(z1‘
w=T172
2(0.))
=re'®
o w=I w=0 .
2(-1.0) / 2(1.0)Re(z)
w=3T1/2
2(0.))

Frequen cyscaleonunitcircleX(zFX(m)onunit circle



Thesignalcanbeconverted fromtimedomaininto zdomain withthehelp of ztransform(Z7T).Similarway the
signal can be converted from z domain to time domain with the help of inverse ztransform(1ZT).The
inversez transformcan be obtainedbyusingtwo differentmethods.

I PartialfractionexpansionMethod(PFE)/Applicationofresiduetheorem

2) PowerseriesexpansionMethod(PSE)

1. PARTIALFRACTIONEXPANSIONMETHOD

InthismethodX(z)is
firstexpandedintosumofsimplepartialfraction,anz”+a; 2"

.I+.......+am
X(z)= form=<n
boz™+byzn"'+....... +bn
Firstfind therootsofthedenominatorpolynomial
anz™+a;z™'+....... +am

X(z)=
) (z-pi)(z-p2)...... (z-pn)
T'he above equation can be written in partial fraction expansion form and find the coefficient Ak
andtakel ZT.

SOLVEUSINGPARTIALFRACTIONEXPANSIONMETHOD(PFE)

S.No | Function(ZT) Timedomainsequence Comment
|
‘ 9
| | -
l | | a"u(n)for|z| >a causalsequence
I : I' -a"u(-n-1)for|z|<a anti-causalsequence
| |- az '
f ] (-1)"u(n)forfz|> 1 causalsequence
2 ~ : -(-1)"u(-n-1)forlz|< a anti-causalsequence
1+7 |
. !
| |
" -2(3)"u(-n-1) +(0.5)"u(n) ‘ stable system
l | for 0.5<z|<3
| [ 2(3)" u(n) + (0.5)" causalsystem
3 ‘ ; | u(n)for|z[>3
3-4z | -2(3)"u(-n-1)-(0.5)"u(-n-1)for|z/<0.5 anti-causalsystem
5 l
1-3.52'+1.52° |
-2(1)"u(-n-1)+(0.5)"u(n) stable system
for 0.5<|z|<]
4 I 2(1)" u(n) + (0.5)" causalsystem
— - u(n)for|z/>1
I-1.52°+0.52" | =2(1)"u(-n-1)-(0.5)"u(-n-1)for|z|<0.5 anti-causalsystem
|




142242~

28(n)+8(1)"u(n)-9(0.5)"u(n)

causalsystem

(z-1)(z-1/2)°

for |z[>1
1-37227+0.52~
l+z" (1/2- causalsystem
6 - - J3/2)(1724)1/2) u(n)+(1/2+
I- 7' +0.5z 3/2) (1/24]1/2)"u(n)
1-(0.5) ! 4(-1/2)"u(n)-3(-1/4)"u(n)for|z}>1/2 causalsystem
! 1-3/42"'+1/82°
1-1/22" (-1/2)"u(n)forlz[>1/2 causalsystem
8 3
1-1/4z™~
z+1 d(n)+ u(n) - 2(1/3)" causalsystem
9 . u(n)for|z|>1
3z7-4z +1
5z 5(2"-1) causalsystem
10 for [z|>2
(z-1)(z-2)
z 4-(n+3)(1/2)" causalsystem
11 for |z]>1

2,

RESIDUETHEOREMMETHOD

Inthismethod, firstfindG(z)=2""X(Z)andfindtheresidueofG(z)atvariouspolesofX(z).

SOLVEUSING—RESIDUETHEOREM—METHOD

S.No Function(ZT) TimedomainSequence
1 z Forcausalsequence (a)"u(n)
z-a
2 z (2"-1)u(n)
(z—1)(z-2)
3 7+z (2n+1u(n)
(z-1)’
4 7 4— (n+3)(0.5)"u(n)

(z-1)(z-0.5)*




ny
XA 2 yisarationalfunction. thataf»aram.rﬁfmr:{ml'ymmiahinz”' orz.
Theroomsofthedenominatsronthevalueofzforv hichX(z)becomesinfinite.defineslocationsof the
potes. The roots of the numerator or the value of 7 for which X(z) becomes zero. definesiocations
ofthezeros,

RO Gosnateontzinznypolesof X2, Thisis becausex(z) becomesinfiniteat
thelocationsofihe poles.Onlypolesaf fectthecausalityand stabilityofthesystem.

CASUALTYCRITERIAFORLSISYST EM

L.Slsy semiscausalifandonlyifihe ROCthesy stemfunctionisexteriorto
thecircle.ie z o1 Thisis

sthecondition for causalityofthel.SJ systemintermsofztransform.
(Thecondition for LSIsystemto becausalishiny=0 .....n<0 )

STABILITYCRITERIA FORLSISYSTEM

Boundedinputx(n Jproducesboundedoutputy(nj inthelSI systemonlyif
oo
2 hiny-co
n=-c0

W ilhthuwmditiuns&lisﬁcd.the 5
stable if its unit sample res
andsufficientconditionfon

ystemwillbe stable. Theaboveequationstatesthat theLSIsystem is
ponse is absolutely summable. This is necessary
hestabilityofl.Sisystem,

w

Hiz=3h(n)z * Z-Transform

n=-co




Takingmagnitudeofboththesides
0o

[H(z))= 2Zh(n)z™" (2)
n=-00

Magnitudesofoverallsum islessthanthesumofmagnitudesofindividualsums.

o0
H(z)|= 2h(n)z’
"n=-00
o0
IH(z)|< 2lh(n)|lz"| .-(3)
n=-00

IfH(z)isevaluatedontheunitcircle|z"|=|z|=1.
HenceLSI systemisstableifandonlyiftheROC thesystemfunctionincludestheunitcircle.i.er<
1. Thisisthe conditionforstabilityofihe LSIsystemintermsofz transform.Thus

For stable system [z] <

1Forunstablesystem|z|>1

Marginallystable system|z|=1

4 Im(z)
z-Plane

v

A

et
G J ™

‘
Fig:Stablesystem

Polesinsideunitcirclegivesstablesystem.Polesoutsideunitcirclegivesunstablesystem.Polesonu
nitcircle givemarginallystable system.
Acausalandstablesystemmusthaveasystemfunctionthatconvergesfor

|z[>r<1.



STANDARDINVERSEZTRANSFORMS

[ S.No Function(ZT) T ﬁa_lilr't-lllﬁtqnuuc i Aiiﬁ&aﬂsﬁlnequl:}éc -
. I ) Jej<la)
‘ (@)"u(n) | -(a)"u(-n-1)
7-a
2 z u(n) i 7u(';?i-l_)' e
71
3 z (n+1)a" B T )
(z-a)’
4 # R T e TP By T Y e S U
(z—a)*
: | O(n) d(n) o
6 Z B(n+k) B(n+k)
7 Z" B(n-k) B(nk)

zTransform(Bilateral)

OnesidedzTransform(Unilateral)

- z transform is an infinite power

| seriesbecause summation index varies
from coto-co0.Thus
Ztransf'ormareglvenby

Onesided ztransformsummation index variesfromOto
00, ThusOnesided ztransformaregiven by
(o)

X(z)=2x(n)z "

|
|
F
[ X(z)=2x(n)z " n=0
| n=-co
2 | z transform is applicable for One sided z transform is applicable for those o
: relaxedsystems(havingzeroinitialcondi systemswhicharedescribedbydifferentialequationswith
| tion). nonzero
initialconditions.
3 | ztransform is also applicable for non- Onesidedztransformisapplicablefor
| causalsystems. causalsystemsonly.
4 | ROCofx(z)isexteriororinteriorto ROCofx(z)isalwaysexteriortocirclehenceneednottobe
circlehenceneedtospecifywithztra specified.

| nsformofsignals.




: ; el for shifti erty.
Propertiesofone sidedztransformare same asthatoftwo sidedztransformexceptshiftingproperty

1) Timedelay
z+

X(n) ¢————— X'(z)and

z+ k
Kot g
Then x(n-k) « » 2 [X(2)2x(-n)2'] o
n=|
2) Timeadvance
z+
X(n) -+ X+(Z)a“d
z+ k-1
Then x(n+k) -« > zk[X*(z)-Zx(n) z"]
k>0
n=0
Examples:
Q)Determineonesidedztransformforfol lowingsignals1)x(
n)={1,2,3.4,5} 2)x(n)={1,2,3,4,5}
SOLUTIONOFDIFFERENTIALEQUATION
Onesided Ztransformisveryefficienttoolforthesolutionofdifference equations with

nonzeroinitialcondition.SystemfunctionoﬂSIsystemcanbe obtainedfromitsdifferenceequation.

oo

Z{x(n-1)} = 2x(n-1) z" (OnesidedZtransform)
n=0

=X(-1) +x(0) 2 +x(1)z*+x(2)z 3+

=D+ (X(O0)2 (24X Q)Z oo ]

Z{x(n-1)}=z" X(z) +x(-1)
Z{x(n-2)} =2°X(z) +2"'x(-1) +x(-2)

Similarly Z{x(n+1) } =zX(z)-2x(0)
Z{x(n+2)}=2" X(z)-z'x(0)+x(1)

. Differenceequalionsareusedtoﬁndouuherelationbelweeninputandoutput

. _ sequences.
Itisalsousedtorelate systemfunctionH(z)andZtransform.

2 Thetransferfi unctionH(o.))canbeoblainedfromsyslemfunclionH(z)byputting

z=e"”.Magnitudeandphaseresponseplolcanbeobtainedbyputtlng variousvaluesofw.

Tutorialproblems;
Q) Adifferenceequationoﬂhesystemisgiven
belowY (n)= 0.5y(n-1 )+x(n)



Determine  a) Systemfunction
b) Polezeroplot
¢) Unitsampleresponse
Q) A difference equation of the system is given
belowY(n)=0.7y(n-1) =0.12y(n-2)+x(n-1)+x(n-

2)
a) SystemFunction
b) Polezeroplot
¢) Responseofsystemtotheinputx(n) =nu(n)
d) Isthesystemstable?Commentontheresult.

Q)Adifferenceequationofthe
systemisgivenbelowY (n)= 0.5x(n)+0.5x(n-1)
Determine  a) Systemfunction
b)  Polezeroplot
¢)  Unitsampleresponse
d)  Transferfunction
¢)  Magnitudeandphaseplot
Q) Adifferenceequationofthesystemisgiven belowa.
Y(n)=0.5 y(n-1)+x(n)+x(n-1)
b. Y(n)=x(n)+3x(n-l)+3x(n-2)+x(n-3)

a) SystemFunction
b) Polezeroplot
c) Unitsampleresponse

d) Findvaluesofy(n)forn=0,1.2,3.4.5forx(n)=8(n)fornoinitialcondition.
Q)Solvesecondorderdif'ferenceequation
2X(n-2) =3x(n-1)+x(n)=3"*withx(-2)=-4/9andx(-1)=-1/3.
Q)Solvesecond orderdifferenceequation
X(n+2)+3x(n+1) +2x(n) withx(0)=0andx(1)=1.
Q) Findthe

respansenfthesystembvisinoZiransfaormy(n+2)-
T - L4 ~

Sx(n+1)+6x(n)=u(n)withx(0)=0andx(1)=1.



